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I. INTRODUCTION 
In the past most of the experimental work in the field of hydraulic ma-
chinery has been conducted on c01nplete machines. Because of the mechani-
cal difficulties involved, relatively little work has been done to determine 
the performance and behavior of the individual components. Roughly, a hy-
draulic machine may b e considered to be composed of three parts; a station-
ary inlet or guide d e vice, a rotating component or impeller, and volute or 
stationary collecting device. 
With a view to obtaining component perform::tnces, much experimental 
work has been done in testing combinations of in1pellers in various volutes. 
Individual p e rformance is the n inferred frorn changes in over-all behavior. 
A separate study of the components permits a more ready understanding of 
the processes occurring and through simplification allows analysis to be 
undertaken. If the complete characteristics of the individual elements of 
the machine wer e then either known or pr e dictable, design would become 
more straightforward. 
Since the impe ll e r is responsible for energy input to the flow, it 
seems clear that it should be the item of first inter e st. It would be highly 
desirable to be able to predict the head developed and the distributions of 
pressure which occur by methods other than the empirical cut and try. 
However, a satisfactory theory ernbracing all of the effects of real fluids 
and the complex geome tries found in practice is not yet available. For 
that reason the proble tn must be simplified as far as possible,retaining 
only the essentials. To this end the impeller is assumed to b e two dimen-
sional, that is, the flow is r e stricted to depend only on radial and angular 
coordinates. For analysis, it is further assumed to be inviscid, incom-
pressible and irrotationa l so that the methods of potential theory may be 
employed. 
This approach is famili a r in fluid mechanics and much success has 
been obtained with it. Howeve r, it should be noted at the outset that the 
limitations of potential the ory for flows of the sort d e scribed a bove are 
as yet unknown. 
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The line of thought followed in this work is not novel. It is to be found 
>:C in References 1 to 3, to mention a few of the current efforts. However, in 
most of these works the configur:1tions studied are such that analysis or 
comp::trison with a theory in any systematic way is difficult. The blade 
sha pe chosen for analysis is a logarithmic spiral. This shape is the only 
one that is mathen1atically convenient but, fortunately, most blades used in 
practic e are closely repre sentt.:d by such shapes. 
II. THEORETICAL TREATMENT 
In this section the solution for the potential flow due to a rotating ar-
ray of logarithmic spiral blades is outlined. The flow is assumed to be two-
dimensional, thus permitting the application of complex variable theory. 
This problem has been previously treated by a number of writers, notably 
Busemann 4 and Sorensen, 5 who were interested in the over-all behavior. 
Consequently, in these works only the head vs. flow-rate relation and the 
operating point for "shockless" e ntry, i.e., that flow rate for which the 
entering flow streams smoothly onto the blade leading edge. Blade pres-
sure distributions have been calculated for straight radial blades for one 
and two blades 6 and for a few specialized cases by an approximate proce-
dure. 7 In the following paragraphs the development outlined follows that of 
Ref. 4. 
The velocity field due to a rotating impeller (see Fig. 1) may be re-
solved into two components; namely, (a) that resulting from rotation of the 
vanes in still fluid designated as the "displacement" flow, and (b) the com-
ponent due to a line source placed at the origin of a stationary vane system. 
This latter solution corresponds to pure "through flow'·' with no rotation and 
accounts for net discharge of the impeller. Various operating conditions 
then may be obtained by a linear combination of solutions (a) and (b). This 
procedure is validated by the linearity of Laplace's equation and the fact 
that each solution separately satisfies its own boundary condition. In order 
to effect a solution of these boundary value problems, a conformal mapping 
is employed which transforms the physical given plane into one in which the 
circular system of blades is mapped onto a circle. 
>:'see Bibliography 
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The Mapping Function 
The conforma l mapping employed is due originally to Konig, 8 although 
it is presented h e r e in slightly different form. The function is (Fig. 1) 
~w0- wrN [ J 2iy/N wo- 1/w, e oz. = w- 1 w- 1 , 
and 0 0 
( 1) 
dz iy dw [•iy/w -iy J e e w 
=- , 
z N w wo- 1/w w- w 0 
(2) 
where z and w a r e the physic a l a nd circle plane s, resp e ctively. N is the 
number of blades a nd rr/2- '( is the vane a ngle. This function maps the 
system of N v a n e s onto the unit circle in the w pla n e in such a way tha t 
the r e gion exte rior to the unit circle is m a ppe d onto the z pla n e . The 
comple x consta nt w corr e sponds to the origin in the z plane and its 
0 
value depends on the various g e ometrical par a m e t e rs of the impe lle r. 
Tha t Eq. (1) repre s e nts the r e quired mapping is e::~. sily v e rifie d since on 
the unit circle Eq. (2) gives arg (dz/z) = '( whe n w = eig This result is 
pr e cisely the r e quir e ment for a logarithmic spir a l. Equa tion (1) is a n N 
v a lued function (N integral) such that if the point w is e ncircled once in 
0 
a counte rclockwis e dir e ction then arg z increas e s by 2rr/N. In this way 
congruent points in each of the N pas sage s of the impe ller are mapp e d 
onto the circle pla n e in a one -to-one m a nne r. 
The singula r points of the mapping a r e give n by the roots of dz/dw = 0, 
and they determine the e nd points of the loga rithmic spir a ls. Se tting Eq. (2) 
equal to z e ro, one fi n ds the se points from the solution of the quadratic 
e quation: 
= 
2 
w w - w • 
0 
If the two solutions a r e d e note d by w 1 and w 2 , one h a s 
.. 
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1 2iy 
- e 
w 
0 
2. w 
""-el.Y__Q 
w 
0 
For convenience the point w = 1, representing the blade tip, is chosen as w 2• 
The other root then becorncs 
i (2y+2o + 1T) 
e 
in which w 
0 
= ae 
io From the foregoing relations, a 1s found to be 
sin y 
a "" sin (y + o). 
( 3) 
(4) 
The tip radius corresponds to r 2 = 1 z 2 1 = l, so that the ratio of inl e t 
to outlet radius is given by I z1 1 , i.e., 
= 
which becomes after suitable reduction: 
= [-
l+oos 2 y 
sin(2y+o)J N • 8- 2 (1T-~-y) sin 2-y 
sin o 
(5) 
It should be note d from Fig. l that 2y + o ~ 1T. If r 1/r 2 , N and y are given, 
a J..nd o may be found from Eqs. (4) and (5). 
There are two contributions to the flow potential in the w pla.ne: (a) 
the displacement flow re suiting from rotation of the blades, (b) the through 
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flow resulting from a sourc e at the origin (in the z pla n e ) with the blade s 
s t a tionary. For the e sta bli s hme nt of lift on the blade , the Kutta condition 
which requir e s finit e v e locity a t the v a ne tr a iling e dge s is impos e d on each 
of the a bove flow s , 
a. The Displa c e m e nt Flow 
The bounda ry condition a t a solid surfa c e r e quir e s that there is no 
flow through the s u rfa c e . Upon r e f e r e nc e to the ske tch below it is r e adily 
s e en tha. t this condition is fulfill e d if 
"V nz (.1) cos y z, e 0 
i( ~ + y) 
L e t F be the comple x pote ntia l for the' How, the n 
dF dF dz 
"' ·--
' dw dz dw 
dF dz 
= v 
dw nz dw 
V is the c onJ·uga t e of the v e ctor v e locity 'I) • Sinc e pola r coor-
nz ·· nz 
dina t e s ar e e mpl o y ed in the w pla n e , the bounda ry condition is e xp·r e s se d 
the r e a s 
-iS vrw e = (.1) cos y e 
1n which subscript "b" r e f e rs to the blade . 
Eq.(6)give s 
-i(rr/2 + y) 
(6) 
The sub s titution w iS = e in 
w cos y 
:::: -i----
N 
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_ [ei(y- 9) 
~ zb ·----"":'i-:-9 
w - e 0 
9-i(y-9)] 
i9 
w- e 
0 
as the boundary condition for the radial velocity in the w plane. 
The quantity zb zb may b e found from Eq. (1) so that the boundary con-
dition in the w plane is expressed as 
v 
rw 
= -i 
. [ i9~q[_ -i9]q [ i(y- 9) 
w cos y w0 - e w0 - e : -iQ 
N w-1 w-1 w-e 0 . 0 0 
wher e q = ~ [ l + e Ziy]. 
e-i(y-9] 
___ i_9_ ' ( 7} 
w - e 
0 
In addition to the bounda ry condition on the blade, the r e is the further 
requirement that the v e locity vanish at infinity in both planes since it is Cl s-
sume d that there will b e no disturbance there. With these stipulations the 
complex potentia l r epresenting the flow may be written in the form of a 
Laure nt series 
co 
F(w) =~ 
n=O 
and the coefficients a may be determined from Eq. {7) on the unit circle. 
n 
The velocity field can t'hen be found by differentiation of this series, For 
cases of practical interest, the function represented by Eq. {7) has a single, 
very sharp peak with the result that a large number of the coefficients a 
n 
are required. In this work, the items of principal interest are the head 
generated and the pressure distribution on the blades. For the determina-
tion of these quantities it is nec es sary to obtain only the tangential velocity 
component on the unit circle corresponding to the radial component given by 
Eq. {7} subject to the condition that the velocity vanish at infinity. To obtain 
9 the conjugate function directly, a forn1 of Poisson's integral may be used. 
Then the tangential velocity on the unit circle in the w plane is given by the 
integral 
2TT 
v (s) "" - l J v (q>) t 2TT r 
0 
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m-8 cot~ dq; 2 
If V ( <p) is at least piecewise continuous, then the principal value of the 
r 
( 8) 
above integral provides the required result. For th8 special cases studied 
in this work, it w:ts found expedient to approximate V ( <p) by a function 
r 
whose conjugate w as known and to apply Eq. ( 8) to the difference, thus 
facilitating numerical a ccuracy and speed. 
Substitution of Eq. (7) into Eq• {8) gives for the tangential displace-
ment velocity 
vtw(8) "'i _w_c_o_s_y 2fr~wo-ei<+>)q(:o- oi~)q(~i(y~:~ 
211' N J\ W - 1 \ w - 1 VI - e 0 0 0 ' 0 
e-i(y-q>)) <p-8 · 
----.:--- cot -- d <p ·• 
w - e1 <P 2 
0 
From Fig. 1 it is evident that the point w = 1 maps into the blade 
trailing edge. The requir.ement of finit e velocity there means that 
vt ) o 
9=0 
(9) 
This condition may be satisfied without disturbing the boundary condition 
of Eq. (7) by introducing a vortex at the origin in the w plane of such 
strength that 
r 
= 0 2rr 
The value of V ;1 is given the special notation Vaz. The tangential 
t 9=ri 
displacement velocity on the unit circle satisfying Kutta' s condition a:t the 
exit tip is thus 
( 1 0) 
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with a circulation of strength ra = - 21T v a2 (the subscript "a" refers to ihe 
displacement flow.) 
b. The Through Flow 
To obtain the effect of net discharge from the impeller, the vane sys-
tem is regarded as being stationary and the flow re suiting from a line source 
at the origin in the z plane is determined. As in section (a), it is necessary 
to ddermine only the tangential velocities on the unit circle, although this 
constitutes no real restriction in evaluating the flow. 
The point w is mapped by Eq. {1) into the origin in the physical plane. 
0 
To determine the complete through-flow potential, the flow about the unit 
circle due to a source at w must be obtained. The required potential is 
0 
readily found by the method of images to be 
G(w) = jL log (w - w ) + 
2rr 0 
...9_ log ( 1/w - w ) 
2rr 0 
( 11) 
where Q is the (complex) source strength in the w plane. As yet no re-
quirement has been put on Q. If Q is complex, then the flow in the z plane 
issues from the origin on logarithmic spirals with an angle arg Q between 
the spiral and any radius. Thus, the effect of inlet guide vanes may be ap-
proximated by a suitable complex value of Q. Such "prerotation" has been 
observed on complete pumping installations in the inl~t pipe (Ref. 10), al-
though observations on free impellers (Ref. 11) indicate little or no prero-
tation. For free, two-dimensional impellers there is no reason for pre-
rotation to exist, and since these calculations are to be con>pared to experi-
ments conducted on free impellers, Q is assumed to be real throughout the 
rest of this work. The velocity components are found by differentiation of 
Eq. (11), a:.nd on the unit circle they are; 
v = 0 
r 
= 
Q a sin (e - o) 
( 12) 
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and 
Q sin o 
- - a ----~~---------
11' 1 + a2- 2a cos o ( 12a) 
The through flow must also satisfy Kutta's condition at the exit tip. 
As in (a ), the addition of a sirnple vortex at the origin satisfies this condi-
tion if its strength is adjusted to give zero velocity at w = 1. Hence, 
lb 
:: - v 
211' b2 
or 
rb Q sin 0 
=-a 2 211' Tr 1 + a- 2a cos 0 ( 1 3) 
The total tangential through flow velocity is thus, 
Q[ sin(9 - 0) sin 0 
cos ~J v = a- + twb rr 1 2 2 2a ( 14) +a- 2a cos(9-o) 1 + a -
Equations (1). (9), (10), and (14) constitute the required solution of 
the potential flow for a two-dimensional rotating pump impeller with equal -
ly spaced logarithmic spiral blades. Any operating condition may be ob-
tained by a linear combination of Vtw:::. and Vtwb" The head vs. flow-
rate diagram is yet to be determined, and the condition for shockless 
entrance , i.e., the flow r a t e for which the velocity at the inlet tip is finite. 
The Developed H ead 
The h~ad d e veloped by the impeller is 
where u 1 , u 2 are inner and outer tip spe e ds, respectively, and Cul 
cu2 are the aver2.ge values of the tangential compone nt of the absolute 
velocity in the direction of rotation. As in (b), prerotation is presumed 
to be zero, hence cul = o. If r: designates the value of the circulation 
in the z plane measured positive counterclockwise, then 
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= - ( 15) 
whe r e 1jt is a dirn e nsionl e ss h ead coe fficient. A circuit once in the positive 
(counte rclockwis e ) dir e ction about the unit circle in the w pla n e corr e sponds 
to a ci r cuit in the po s itive dir e ction around one impe lle r v a ne, The tota l 
ci r cula tion in the plane is thus e qual to N time s the circula tion about one 
bl2. d e . Thus, if 
is the circulation in the w plane , the n 
( 16) 
The dimensionle ss h ead coe ffici e nt 1/t is 
1 
1/t = 
or 
= + 
The first t e rm is d e p e nde nt only on the rota tion of the bla d e s a nd the s e cond 
i s a function only of the flow r a t e . The dimensionle ss qua ntity N Vaz/r 2 u 2 
is incorporate d into the s ingl e consta nt 1jt 
0 
which is othe rwis e known a s the 
shut-off h ead, Acco r ding to Eq. ( 12a), one ha s 
N vb2 NQ 
a ~1 + s in 0 J = 2 2a r 2u2 r 2u2 rr a - cos 
wher e Q is the flow rat e in the w pla n e and cons e quently r e pres e nts the 
flow r a t e per passage in the physical pla n e . (Q is the flow rate p e r unit 
width and hereafte r it a nd all coe ffici e nts d e rive d from it m e an p e r unit 
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width.) A flow rate coefficient may be defined as 
c . •, I 
m2 -.: 
<p = = 
U r , A2 u2 L 
where now Q' ls the tot 3.1 flow r a te of the impeller. Thus, 
NQ 
= ( 1 7) 
and 
= \j!o + ( 18) 
where 
2a sin o 1 
1 + a 2- 2 a cos o tan Y ( 19) 
Equation (18} is the required r e lation b e twee n the h ead d eve loped and the 
flow rate. If the nurnber of blades N- oo, then 1jl, C - 1, so 
0 v 
that 
o/ 1 + <p tan Y 
This expression is the so-called Euler head since it was first d e t e rmined 
by him by assuming tha t the v a nes perfectly guided the fluid. The con-
stant o/ expr e sses the effectiveness of the blades in bringing up the 
0 
absolute flow to a tip speed of u 2 = r 2 ill a nd the coefficient Cv indicates 
their effectiveness in making the le::1ving angle of the through flow equal 
to the vane angle. 
The v a lue s of the coe fficients 1jr
0
, Cv s c_tisfy the ine qua lity 
C L 1 v --
Typical values of 1jl for impe llers with moderate numbers of blades 
0 
(5 to 8}, vane a ngles ( ~ = 1T/2 - y} of 20 to 40° are 0. 6 to 0. 8 if the ra-
dius ratio is around one -ha lf or l e ss. 
nearly unity. 
For these cases C is always 
v 
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Condition of Shockless Entry 
Impellers with blades which are backward curved* have a particular 
flow rate coefficient for which the velocity at the inlet edge is finite, For an 
infinite number of vanes this point (denoted by "shockless" entry) is equal to 
the flow rate at which the entering relative velocity is parallel to the inlet 
vane section, However, for a finite number of vanes this flow rate must be 
determined from the condition that the tangential velocity is zero at the point 
in the circle plane corresponding to the vane inlet tip. This condition is ex-
pressed by the equation 
+ = 0 
or 
r 
sin(9 - o ) 
t= y] 2a I v + <p + cv = 0 ·(20) twa I 
a
2
- 2a cos(9 -6) N I 1 + 
I.-
9=2"( + 26+ Tl' 9::o2r + 2 a+ Tl' 
The flow rate and head developed at shockless entry are designated as 
<pe and 1jre' respectively. 
Pressure and Velocity Distribution 
The velocities in the w plane may be transformed to corresponding ve-
locities in the z plane by the relation 
dF 
dz 
dF. 
dw 
dw 
dz 
where F is the complex potential for the flow, Let IV tz be the tangential 
vector velocity on the blade surface in the z plane. Eq. (6) then gives 
i vtw "Vnz 
v 
rw 
( 21) 
>!<With r e ference to Fig. l, backward curved blades are obtained by 
letting '{ be positive in the direction shown and the rotative speed he 
( -ru), or vice versa, 
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on the blade. 
From Fig. (2) it is evident that the relative velocity is 
w = - rcu sin y - 11' tz ( 2 2) 
along the blade for forward curved blades. Since the relative flow is steady 
and the absolute flow irrotational, blade pressures rnay be computed from 
Eq. (22) by using the Bernoulli equation for rotating coordinates 
1 2 p +-pH 2 
2 2 
r cu = const. ( 23) 
In this work the constant is chosen to be the inlet total pres sure PT. A 
pres sure coefficient may then be defined as 
c = p (24) 
and by means of Eqs. (22), (21), (14), and (10) values of Cp along the blade 
may be computed. 
Numerical Evaluation and Results 
The potential problem outlined above was evaluated for three cases 
in which r 1/r 2 = 0.54, ~ = Tr/2 -'{ =- 30° were constants, and N was 2, 
4, and 6. Numerical integration of Eq. (9) offered no difficulty for N = 2 
and 4; however, the integrand for N = 6 was quite sharp and peaked. For 
that reason a function whose conjugate was known, was subtracted from 
the integrand and the r esulting difference integrated. The numerical pro-
* cedure of Peebles was used (Ref. 12). Values of the function were com-
puted at 80 equally spaced points around the unit circle and in the case of 
N = 6, additional points were found to be necessary in the vicinity of w 1. 
Again for N = 6, the value of a was very nearly equal to unity. As a 
consequence, the inte grand of Eq. (9) changed rapidly in the vicinity of 
9 = o which made it difficult to secure an exact value of <p • From the 
e 
computations, it is believed that ~ is good to three figures at least, 
e 
whereas the values of 'It , C should be good to four figures . 
0 p 2Tr 
>:<This method is an 80-point numerical integration of 1 f(¢) cot(¢-e)/2d¢. 
Second, third, and highe r diffe renee s are used to provide 1 
corrections for excess curvature in the function f(¢) . 
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Pressure distributions for shackle s s entr a nce a nd v a rious other flow 
r a t e s w e r e compute d for the c a s e s note d a bove a nd a re plotted in Figs. 3, 4, 
a nd 5. The compute d h ead vs. flow r a t e r e l a tions ar e shown in Fig. 11. 
The value s of 1jl 
0 
a nd (jl e a r e t 3.bula t e d in T a ble I together with com-
p a. r a tive v a lue s from R e f. (4) a nd with the r e sults of infinite vane theory. 
TABLE I 
'lr o (jl e l We 
N 2 This work 0.38 • 31 o. 11 = (Re f. 4) Buse m a nn 0.38 • 31 o. 11 
This work 0.63 I • 2 7 I 0.24 N = 4 R e f. 4 0.66 . 29 0.23 
N 6 This work 0.76 . 24 0.36 = R e f. 4 0.76 . 26 0. 35 
N = 00 1. 00 .168 0.66 
The comp c:trison is exc e lle nt for N ;:: 2,· while for N = 4 and 6 the r e -
sult s diffe r by a f e w p e rc e nt. The r ea sons for the discr e p a ncy a r e unknown, 
for the computa tion procedure was such a s to give at l ea st thre e figur e a c-
cura cy, a lthough it is conc e ivable tha t a n a rithn1e tic a l e rror was m a d e , or 
the gr a phs of R e f. 4 w e r e incorr e ctly plotte d. 
III. EXPERIMENTAL APPARATUS AND E Q UIPMENT 
Three e xpe rime nta l impe lle rs w e r e constructe d a nd t e ste d in the Ro-
t a ting Cha nne ls t e st sta nd of the Hydrodyna mics L a bora to r y. Although this 
appa r a tus has b ee n d e scribe d e ls e whe r e , (Re f. 1) it is a ppropria t e to men-
tion its s a lient f eatur e s h e r e . 
Esse nti a lly, the e quipme nt consists of a r ese rvoir, a pump, a nd a 
syste m of piping to provide a flow of w a t e r in a clos e d circuit. Ve nturi 
m e t e rs a r e provide d to m ea sure flow of wate r a t v a rious pr e ssur e s a nd 
flow r a t e s. The flow m a y b e distributed to a ny one of thr e e t e st b a sins in 
eithe r one of two directions. The t e st b a sin used for the pr e sent work w a s 
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provide d with a 1/2 hp. "V" b e lt impe lle r drive . W a t e r w a s d e live r e d to the 
impe ller via a n a pproa ch s e ction in which a hone ycomb flow str a ighte n e r 
five dia mete rs upstr eam h a d b ee n insta ll e d. The impe lle r discharge d into 
a n op e n tank a nd l e d b a ck to the r .:! servoir. A spee d control d e vic e a tta ch-
e d to the impe lle r drive m ec h a nism m a inta ine d the impe lle r a t a constant 
rota tive spee d whic h w a s n1e a s ur e d by a "S'::robota c". 
The a s se m.bl .:: d i -r.-1pe ll e r a nd drive mech;:mism is shown in Fig. 6 in 
cross s e ction. A p ?.ir of sta tionary circula r pla t e s form a n a nnulus which 
s e rves to k eep the flow p a r a lle l a short dist a nc e out s ide the impe lle r a nd 
provide s a convenient mountin g for flow surve y probe s. 
The T e st Impe lle r s 
Three t e st imp e lle r s (Fig. 7) w e r e constructe d with the s a m e para m-
e t e rs a s thos e c a s e s the or e tic a lly tr ec:. t e d, i. e ., r 1/r 2 :::: 0.54, ~ = 30°; 
N = 2, 4, a nd 6. A r e l a tive ly a brupt simple turn d e fl e cts the flow from the 
axia l to radial dir e ction (s ee Fig. 7). It w a s impossible to us e a v a n e d 
turn which would h a v e g~ve n more uniform inle t v e locitie s a t the imp e lle r 
e ntr a nce, a s the s e tup limita tions would h a v e pr e vente d the m ea sur e m e nt 
of the head. Imp e lle r v a n e s w e re m a de of 1/8-in. br a ss shee t b e nt to the 
prope r loga rithmic spir a l contour. Corr e sponding curve d slots m a chine d 
in the lucite shrouds po s itione d the bl a d e s a ccur.a t e ly. The r e sulting as-
s e mbly w a s h e ld toge the r by s crews t a pped into the top a nd bottom side s 
of the v a nes. The impe lle !"s w e r e then turne d to 12 in. in a l a the l eaving 
the v a n e tips 1/4-in" wide . The bottom shroud w a s jig-drille d to c e nte r 
a nd to run t r u e on the d r iving a ss e ri:1bly. 
Actua lly only t w o i rnp e lle rs w e r e f a brica t e d; a n 8-va n e d one which 
w a s l a t e r a lte r ed to fou r , and a 6-vane d one which w as subs e que ntly dis-
m a ntle d a nd r ea s se1n ble d with two v a n e s. 
The bre'ldth of the i m p e lle rs is a norr1ina l one inch. This dime nsion 
is a bout the allowa bl e rr1 a ximum which doe s not impos e a s e v e r e r e t a rda -
tion of the a v e r a g e flow a r o und the inl e t turn with the a pproa ch nozzle 
us e d. The r e sulting low asp e ct ra tio of the p a s sa g e is typic a l of impe lle rs 
with d e sign fl ow r a t e coe ffici e nts of a bout 0.10 to 0.15. 
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Instrumentation 
The determination of blade pressure distributions requires the meas-
urement of pres sure signals on a rotating device. Customarily such signals 
arc measured with a stationary manometer in conjunction with a complicated 
syst;::n1 of rotating seals. The complexity of such a device was circumvent-
e d by constructing a multi-tube manometer which was rigidly attached to the 
impeller. The manometer was circular and mounted concentrically with the 
impeller centerline, and was equipped with twenty-seven 5 mm. glass tubes 
18 in. long. The manometer readings were converted into actual pressures 
by accounting for the relative centrifugal force effects. In this way a co.m-
plete determination of bb.de static pressures could be obtained in one setup 
by observing the tubes with the aid of a synchronized strobolight. 
Thirteen piezometer taps 0. 030 in. in diameter were installed on op-
posite sides of two diametrically opposite vanes .::>.t the mid-elevation of the 
passage. The taps communicated with 1/16-in. holes drilled down the 
height of the vane. Transparent plastic tubing then led off the pressure 
signal to the rotating n1anomctcr. 
The reference pressure was chosen to be the inlet total pressure, It 
W <'.i> measured by a 3/16-in. sin1ple impact tube located on the impeller 
center line. 
The head developed by the impeller was measured by two stationary 
total head probes aligned with the flow. A 1/4-in. simple impact probe 
mounted on the impeller center line in the throat of the approach section 
(Fig. 7) measured the inlet total head and a Venturi-type total head probe 
(kiel No. SKD 700) mounted 1/8 in. from the ilnpeller o. d. was used to sur-
vey the average discharge totc.l head. A 2.5 -ft. stationary water manometer 
composed of two 6 n1m. glass tubes was used to read these pressures •. A 
small amount of aerosol added to the fluid of both the rotating and station-
ary m a norneters served to reduce capillarity inconsiste ncies. 
The outlet tota l head tube is subjected to a periodic flow of varying 
direction arid energy content, Since the yaw insensitivity of a kiel probe is 
±. 40° (Ref. 13) an "average" total head is measured. Whether or not this 
reading truly represents the discharge head is discussed in a later section, 
For determination of flow patterns within the impeller passages, 
small, simple total h ead probes were installed in the impeller passages 
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pointing into the 1·elative flow. The tubes were formed from 1/16 in. brass 
tubing about three inches long with a 1/4 in. leg. The ope ning was bored 
out with a drill point until qmte sharp and conical. Such probes are f a irly 
insensitive to yaw (about± 20°), thus permitting relative total head readings 
to be made with a mini1num of angular adjustment. 
Experimental Work and Pro~edure 
In experin1ental wc.rk on turbomachines essentially two types of in-
formation are sought. The first is the behavior of over-a ll performa nce; 
for example, the tneasurement of torque, speed, h ead developed, and flow 
rate. The second is a kuowlcdge of the details of the flow process. The 
measureme!lt of press\.~re dist.ributions, internal velocity profiles, losses, 
etc., are in this latter c::-.tegory. In this present work, data of both kinds 
are taken in order to check the suppositions of the theory. 
The f~llowi!lg experim e ntal data were obtained in the three test im-
pellers: 
i. The head vs. flow rate rela tion w as d e t e rmined from zero flow 
to near zero head, 
ii. Pressur e distributions over a range of flow r a t e s from shock-
less to approximat el y one -half of tha t. 
iii. Internal h ead and static pressure surveys were made at a pas-
sage inlet and a t a passage outlet section for v ar ious flow rates 
on the six-vaned impeller. The d es ign of the impelle r drive 
mechani s m did not a llow torque to be 1neasured for these tests. 
The tests outlined abov,;: were run a t rota tive speeds from 150 to 2.00 
rpn1. The inlet and disdn.rge total pressures were rneasured with the probes 
described in :he preceding section. Manometer error due to capillarity 
differences w:ts a maximum of 0.003 ft w a ter. At flow rates for which the 
discharge pr essure was stec.dy (q>> 0. 1), this error in head measurement 
was about thre ,;: -quar t ers of a p e rcent or l ess of the maxin1um head read-
ing. The d eveloped head was ·•neas ured n. t thr ee stations over the breadth 
of the discharge passage, namely, 1/4,1/2, and 3/4 in. over the bottom 
shroud. The head measurements were made with increasing values of 
flow rate; howe ver, checks with the proc e dure reverse d f a iled to show 
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any difference. The results of the head vs. flow rate tests are shown in 
Figs. 12, 13, a nd 14, together with the computed characteristics. 
Experimental pressure distributions at the center section of the vanes 
w e re obtained for the three test im.peller s using the rotating mano.meter and 
t h e technique described in the for eg oing paragraphs. The flow "!'ate coef-
fi<;ient w a s varied from q> (shockless entry) to about q> /2 in each case. 
e e 
During the tests, care was taken that the manometer ran true and that air 
bubbles were not trn.pped in th~ tubing connecting the piezometer taps to the 
manometer. The manometer tubes were relatively small (5 mm.) and ap-
p a rently they were not all of the same size since a few of them showed cap-
ilarity differences on the order of 0.02 ft maximum. The results of these 
tests and the computations are presented in Figs. 8, 9, nnd 10. 
One of the principal assumptions of the theory is tha t the flow is the 
same at all stations across the breadth of the irnpeller. In any real im-
peller the flow must be turned from an axial to a radial direction during or 
before it enters the vane system. If in such a turn the wall curvatures are 
too great, the viscous properties of the fluid may result in the detachment 
of the main flow from the boundar y and/ or the growth of a region of retarded 
velocity. Among other things, the immediate result is that the flow scheme 
is different from that supposed by the theory. To investigate whether or not 
these phenomena actually occur, interna l flow surveys were made on the 
N = 6 impeller at two radii. The first was taken a short distance behind the 
vane inlet edges (r/r 2 = 0.646) to determine the effect of the large curvature 
of the inlet shroud on the flow and to see if the vane leading edges separated. 
The second survey was conducted near the vane tips (r/r 2 = 0.938) in order 
to ascertain the magnitude of the losses developed within the passage. 
In these surve ys l/16 in. impact tubes were installe d in the impeller 
passages pointing into the flow at an a ngle equal to the v a ne angle. Pie-
zometer taps 0.030 in. in dia m e ter were drilled on the top and bottom 
shrouds to measure static pressure. Although the static t a ps wer e all put 
in one passage, it was believed that to do so with the total head probes would 
r esult in undue obstruction of the passage. Accordingly, eleven such probes 
were distributed in the six identical passage s of the impeller. Total head 
rneasurements were n1ade a t six different elevations over the bottom shroud 
fo:r the inlet survey and five for the e xit. Results of these surveys are shown 
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in Figs. 15 to 18, but their discussion is deferred to a later section. 
Treatment of Experimental Data 
a. Computation of Efficiency. The lack of measured torques pre-
cludes the exact con1putation of efficiency. However, the measured pres-
sure distributions give the normal forces exerted on the fluid, and from 
this information an "input" head or work coefficient t' can be derived. 
It is this quantity rather than the developed head 1jr d which should most 
closely agree with the theory. This coefficient is computed from the 
equation 
1 
t' = 4:~ I'/ bcr(:Jd c:) 
rl r2 
(25) 
in which 6. C is the n1easured pressure loading coefficient. The work 
coefficient ljf F and the developed head coefficient 1jr d differ by the fluid 
energy losses, and a "hydraulic" efficiency may then be written as 
:: (26) 
Equation (26) may be regarded as an approximate measure of the effi-
ciency of the impeller since ljl 1 represents the energy input to the flow 
(apart from tangential friction forces) and 1jl d the output energy. Due to 
variation of the relative total head across the passage, additional mixing 
losses are encountered after the impeller. Such loss·~s are not included 
in this computation of efficiency. For N = 6, this efficiency is about 95 
percent and it has a substantially flat peak in the range of flow rates 
<P = 0.12 to 0.20 (.Fig. 12). Similar results are observed on the four-
bladed impeller; however, the peak efficiency for N = 2 is much lower, 
being about 80 percent. The measured head varied somewhat from top 
to bottom shroud. For efficiency determination the head at the passage 
center was used, although at flow rates for best efficiency the head was 
practically constant across the passage width. 
b. Computation of "Relative Head Loss". The term "total head 
loss" requires so1ne explanation when used in connection with the 
relative flow. The Bernoulli equation for rotating co.:>rdinates, i.e., 
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= canst. 
is rigorously true if th..:: absolute flow, i.e., the flow observed in a station-
ar y coordinate system is incompressible, irrota tional and inviscid. If the 
relative flow total pressures p + 1/2 p w 2 are then compared at the same 
r adius on a rotating manometer, it will be found that they are all the same 
since the centrifugal effects are cancelled out in the tubing connecting the 
rnanometer to the total head measuring device. Thus, if the flow is a po-
t ential flow, the difference between, say, the inlet total pressure and any 
other total pressure as read on a rotating manometer is zero. A departure 
from zero is designated as a "loss". This loss should not necessarily be 
interpreted as a reduction in the discharge total pressure, since the static 
pressure and the absolute velocity pressure 1/2 PC 2 constitute the total dis-
charge pressure. In order to compute the total pressure rise, the relative 
loss and the direction as well as the magnitude of the relative velocity must 
b e known. However, as a first approximation, these losses can be con-
sidered as static pressure reductions. 
Contour plots of the relative loss coefficient ~ for the six-vaned 
r 
impeller a re shown in Figs. 15 to 18. The loss coe fficient is defined as 
where PT is the inlet total pressure and Pt is any other relative total pres-
sure. These plots show the regions most affected by viscosity, and give a 
good qualitative idea of the flow. By using these loss contours and the rela-
tive velocities (not shown) calculated from the flow surveys, a weighted loss 
coefficient may be obtained, i.e., 
Z::;r = 
,.. 
JY WdA ""r 
JwdA 
( 2 7) 
To be completely corr ec t, each of these integrals should contain a factor 
s:;.n ~ f where ~ f is the angle between the relative velocity and a norma l to 
the r a dius at that point. It is quite difficult to measure this angle experi-
m e ntally, so for the purposes of computation it is assumed to be constant, 
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and as a consequence of the value of ~ may be low. 
r 
With the coefficient i',: defined above, an order of magnitude check 
r 
of the efficiency as com!>uted by Eq. (26) may be made. If skin friction 
forces are not too important, then the energy input to the flow is approxi-
mately given by 1jrd + ~r/2, hence 
~ /2) 
r 
Evaluation of i',: for q> = 0.238 gave 0.07 for the exit survey. The 
r 
efficiency computed by this relation is 87 percent, whereas Eq. (26} gives 
84. At <p = 0 .l 78 the two methods agree to within 2 percent. It is not 
desired to belabo:: this point unnecessarily but in view of the experimental 
accuracy this a greement is taken to mean that the "hydraulic" efficiency 
as computed here is probably accurate to within 2 percent and that the 
method of measuring the developed total head is accurate to the same order. 
IV. COMPARISON OF THEORY AND EXPERIMENT 
From cornparison of measured and calculated distribution of pres-
sures afforded by Figs. 8, 9, and 10, it is immediately evident that the 
theoretical re suits do not satisfactorily agree with the actual mea sure-
ments, particularly for flow rates near shockless entry. The agreement 
is best for the four- and six-vaned impellers at flow rates of about <p = 0.14 
to 0.18. The measured head coefficients (Figs. 12 - 14) also deviate con-
siderably from the theoretically predicted ones near shockless entry but 
at flow rates substantially less ( <p ~ 0.18) the disparity is ten percent less. 
The values of the work coefficient obtained from tho;! measured pressure 
distributions agree fairly w e ll with the computed values near <p = 0.18 for 
all impellers, although its slope is steeper than the predicted head vs. 
flow rate line. 
The fact that the discrepancy between the observed and computed 
quantities becon1es gre::1ter as shockless entry is approached is rather 
surprising. It i:o usually expected that agreement between potential flow 
calculations and experiment will be best when sr..arp velocity peaks at 
leading edges are avoided. For flow in pump impellers this condition is 
satisfied at shockless entry. The experimental fact that the pressure 
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distributions and work coefficient are in poor agreement with the theory, 
here strongly suggests that phenomena not necessarily connected with the 
vanes alone have become important enough for these flow rates to change 
the flow. 
The inlet surveys taken on the N = 6 impeller {Figs. 15 - 18) show 
·~b.~t for a flow rate of q> = q> = 0. 238 the flow is scarcely potential. On 
e 
l;he leading face of the vane (pressure side) and on the bottom shroud, sub-
~ tantial regions of high loss occur. These losses are diffused throughout 
the passage and a further increase in boundary layer occurs as is evidenced 
in the exit survey. Part of the "diffusion" of the high loss areas is, no doubt, 
clue to secondary flows in the passage which originate from the nonuniformi• 
ties in relative total head. Further evidence of the nonuniformities of the 
flow pattern is supplied by static pressure measurements made at the inlet 
on the impeller shrouds. At this operating point static pressures on the top 
and bottom shrouds differed by 15 percent and greater at the mid-passage, 
whereas such differences were not observed at lower flow rates. 
It is fairly clear now how the discrepancy between theory and experi-
ment arises at this flow rate. The fact that the experimentally determined 
value of shockless entry still agreed fairly well with the predicted one is 
surprising. Possibly it might be conjectured that the "effective" profile of 
the blade was sufficiently changed by wakes present in the passages to ac-
count for this coincidence. 
The condition of the inlet flow as seen in Fig. 15 is indicative of the 
profound effect the inlet and shroud de sign can have on the entire impeller 
performance. The abrupt turn and large curvature of the approach section 
immediately before the bottom inlet shroud (Fig. 7) gives rise to a rela-
tively thick boundary layer (if not local detachment) along the bottom shroud 
and a nonuniform velocity across the passage height. At the vane leading 
edge the approaching fluid is accelerated by the small radius of curvature of 
the bottom shroud. (Although these velocities were not measured, it is clear 
that high local velocities must occur there.) The immediate result is that 
the angle of attack is higher near the bottom shroud than at the top, and con-
sequently the flow on the bottom separates prematurely. The over-all shape 
of the loss-contour curves indicates that such an effect may occur. At low 
rates of flow{ much less than shockless) it would be expected, because of 
the higher velocity on the inlet bottom shroud, that the reverse situation 
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should take place, i.e. , the flow near the top shroud should deteriorate 
fir st. The loss contours of Fig. 18 support this argument, however, more 
detailed information is required to discuss the complete structure of the 
incoming flow. 
The operating point de signa ted as "shackles s entry" is usually taken 
to be the ''design" point as well since it is desired to elirrdnate regions of 
large underpressure or high local velocity for reasons of cavitation or gas 
evolution. With the pre sent apparatus the inlet turn is of great importance 
to the over-all behavior at flow rates for which shockless entry occurs on 
these impellers. Consequently, it would seem appropriate to make com-
parisons with the theory where inlet conditions are the most favorable, 
even though large underpre s sure s may exist. Inspection of the loss dis-
tribntions given in Figs. 15 - 18 shows that at a flow rate coefficient of 
<P = 0.178 the inlet po::tions of the vanes are relatively free of wakes. 
Typically, however, a fairly large boundary layer still remains on the 
bottom shroud. The agreement of both the developed head (Fig. 12) and 
measured distributions of pressure with the corr.putations is seen to be 
relatively good at this flow rate. Reasonably favorable entrance flows 
are found to occur in the range of about <P = 0.14 to <p = 0.20 and in this 
region not only are the work coefficients nearly equal to the predicted 
head, but the pressure distributions are fairly close . 
Thus far, all comparisons have been made at flow rate coefficients 
based on the total discharge. Actually the presence of boundary layers 
and the thickness of the vanes result in a velocity increase of the effective 
part of the stream. This effect may be roughly taken into account by com-
paring the experin1ental results to the theory evaluated at flow rates higher 
by an appropriate amount. 
Such a comparison can be realistic only when the flow is not greatly 
disturbed by real fluid effects. Thus, in the present case, these com-
parisons are r e stricted to flow rates for which the entrance conditions 
are best. At a flow rate coefficient of <P = 0.178 an approximate measure 
of the boundary layer influence is provided by a plot of the relative ve-
locity across the passage height, midv1ay between the vanes at an entrance 
and an exit section (Fig. 19). The ratio of the velocity of the main flow to 
the average is 1.06 at the inlet. Vane thickness accounts for seven pereent 
of the peripheral area at the inlet and four at the exit. The effective flow 
rate is then about ten to twelve percent more than the average. Compari• 
sons of measured and computed distributions of pressure on this basis are 
presented for <r = 0.178, N = 6 (Fig. 20) and for <r = 0.18, N = 4 (Fig. 21). 
It is seen that the agreement is better than for the unadjusted theory, and 
th.::~.t the corrections made are in the right direction. At a corrected value 
of ~~ = 0.178 the predicted head for N = 6 becomes close to the measured 
w ork coefficient, but the pressure distribution loops are still somewhat 
lower than called for by the theory. Part of this discrepancy is due to inlet 
losses which are still present. 
The actual state of affairs is certainly more complicated than the sim-
ple adjustment of flow rate might indicate. Not only is the main flow speeded 
up, but a boundary layer develops along the vane faces which results, essen-
tially, in a blade profile different from that originally assumed. This fact is 
supported by thick layer of high loss fluid on the vane trailing side seen in 
the exit relative flow surveys and it is suggested by the general progressive 
downward shift of the experimental pressures from the calculated ones. The 
loss contours of Figs. 15 - 17 all show substantial boundary layer develop-
ments on the trailing faces of the vanes. Roughly speaking, this effect is to 
reduce the vane angle, which in turn results in a steeper head vs. flow rate 
line. In the region of best efficiency this effect would account for the in-
creased slope of the work coefficient line. 
The general behavior of the two-bladed impeller followed that of the 
four- and six-vaned ones. The discrepancy in pressure distributions is, in 
general, somewhat more than for the others; however, as before, the theo-
retical head provides a good estimate of the work coefficient. The efficiency, 
though, is lower than the N = 4 and N = 6 runners and has a maximum value 
of only 80 percent. As in the other cases, the experimentally determined 
value of shockless flow rate is nearly equal to the predicted value. The high 
value of the developed head near shut-off is interesting since, in order to 
achieve heads substantially higher than the theoretical value, a large part of 
the flow must rotate like a solid body. 
Effect of Number of Vanes 
For a given vane angle and radius ratio the effect of vane· number for 
a pump is similar to the effect of solidity in a two-dimensional cascade. 
-25-
For com:nonly employed impeller parameters the head developed is nearly 
proportional to the n·.1mb <:! r of vanes if there are only a few of them, i.e., 
two or thre e . U th <:! m1n1ber becomes appreciable, say six, then the ef-
fect of mutu::tl interfe rence becomes important and the head developed 
r a pidly approaches the maximum given by the infinite vane theory. Low 
values of N have low value s of the coefficients 1jr and C resulting in 
0 v 
lower and flatter he a d vs. flow rate lines, as seen in Fig. ll. However, 
for low numbers of blad e s the pressure loading per vane is high. Since 
the pressure cannot e xceed that of a forced vortex, the practical result is 
that blade static pres sure s for N = 2, 3, 4, etc. , are much lower than for 
N = 6 or 8. This trend is readily seen in the plots of computed pressure 
distributions, Figs. 3 - 5. 
A result of having a large number of vanes is the suppression of 
large scale separation or flow deta.chment from the vane leading edges. 
This effect is observed in Figs. Sa, 9a, and 1 Oa wherein the progressive 
departure with d~ creasing N of the measured and calculated pressures 
on the low pressure (trailing) side is seen. 
The low heads and high loadings of impellers with only two or three 
vanes place them at a great disadvantage. For these reasons their use is 
limited to very special applications. 
Situations of the sort found in this work are not uncommon in the ap-
plication of potential theory to problems in the flow of real fluids. 
Pinkerton14 in a study of measured and calculated pressure distributions 
on the N.A. C. A. 4412 Airfoil observed discrepancies in lift coefficient of 
20 percent when con1puted by usual methods. At moderate angles of at-
tack, measured a nd experimental distributions of pressur e disagreed in 
much the same way as they were found to in this work. However, he was 
able to "adjust" the airfoil profile to account for the progressive develop-
ment of the boundary layer in such a way as to obtain excellent agree-
ment of the computed and measured distributions. 
The flow within the passages of centrifugal pump impellers is much 
more complex tha n that over an airfoil. The regions of fluid affected by 
viscosity are larger and secondary flows caused by the nonuniformities 
in relative total head occur. The low aspect ratio of the passage also en-
:l.b!e ;~ viscous effects to become more important than for the flow over 
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airfoils. In this work it would have been possible to change the vane profile 
to a ccount for some of the boundary layer effects, as Pinkerton has done for 
airfoEs; however, this process for a circular array of vanes is much more 
laborious than for a single profile. Moreover, _ for the cases studied, the 
inle t conditions were not ideal. Far these reasons computations along such 
'.. incs were not considered to be worthwhile at present. 
: \.pplication to De sign 
In view of the limited data available on vane angles and radius ratios, 
a discussion of design application can be regarded only as tentative at least 
for the present. However, a few remarks on the usefulness of these results 
are in order. 
It has been found that the theory gives a good estimation of the work 
coefficient when the flow in the inlet portion of the impeller is good. For 
the cases studied, the r a nge of flow rates for reasonable inlet conditions 
was about <p = 0. 16 to 0. 20. In other terminology this corresponds to a 
. 0 0 
local geometrical angle of attack of -1 to + 4 based on the average 
rel2.tive inlet velocity and the inlet vane angle. Furthermore, in this 
range the measured and theoretical pres sure distributions agree fairly 
well if the flow rate is changed to account for vane thickness and an esti-
rnate of the shroud boundary layer. For moderate numbers of vanes (at 
least four or greater) the "hydraulic" efficiency is relatively high, being at 
least about 94 percent. There is no reason to use any less than four vanes 
except for special applications, e. g., sewage pumps. Hydraulically, it 
would seem preferable to use six vanes,if not more, since the over-all 
vane load is reduced with increasing numbers of vanes and severe under-
pres sure s are suppressed. It is not likely that any reasonably well-de-
signed inlet shroud will perfortn more adversely than that used in this 
work. For that reason it may be supposed that the above statements are 
conservative and for the present may be used as convenient "rules of 
thumb" at least for configurations not far different than the ones studied. 
V. SUMMARY AND CONCLUSIONS 
The measured distributions of pressure and work coefficient were 
found to agree fairly well with the predicted values when the flow conditions 
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at the inlet of the vane system were best. At flow rates near shockless 
e ntry, large deviations w e r e observed which were traced to nonuniform-
Hies in the inlet flow arising from the abrupt inlet turn. The fact that 
the agreement between the potential flow calculations and the experiments 
is as good as it is for flow rates much less than shockless,where pressure 
discontinuities still occur on the vane inlet edges, is considered promis-
ing. In view of this fact, it seems reasonable to suppose that if a highly 
uniform inlet flow were supplied to the impeller, then better agreement 
over a broader range of flow rates would result. The theory as it now 
stands appears to be useful for design over certain limited rates of flow. 
Application to wide ranges of operating conditions is still r estricted since 
the inlet turn introduces additional unknown factors. 
In vie of thes e remarks, it seems appropriate to outline further 
work on the fol Qwing lines: 
1. Studies should be made to determine shroud shapes which ef-
fectively turn the flow from an axial to a radial direction. 
2. Investigations of impellers with other vane angles should be 
undertaken. 
/ 
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VI. NOT A TION 
Subscripts 
a refers to displacement flows in the w (circle plane) 
b refers to the through flow in the w plane 
e refers to shackles s entry 
m - meridional (radial) component 
n - nortnal component 
r relative or radial component 
t tangential component 
u component in the direction of rotation 
w refers to quantities in the w plane 
z refers to quantities in the z plane 
z refers to the vane exit tips 
1 refers to vane entrance tips 
Symbols 
z = x+iy, - complex variable of the physical plane 
w complex variable of the mapped plane 
io 
w = ae - complex constant in the w plane 
0 
'\/' - vector velocity 
V conjugate of vector velocity 
U - peripheral velocity (rill) 
W relative velocity 
C - absolute velocity, constant 
ill - angular speed 
N number of vanes 
~ - vane angle 
'( complement of the vane angle 
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Symbols 
r - circulation strength 
r - radius 
q - con1plex constant 
Cv - constant fur the through flow 
1jr - head coeffici~nt = head rise/ u/ /g 
1jr d - measured head coefficient 
1jr ' - work coefficient (input head) 
cp - flow rate coefficient = discharge/exit area x u2 
p - pressure 
- inlet total pres sure 
- pressure coefficient = P- PT/ ~ 
- relative loss coefficient 
u2 
2 
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